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1. An Inguiry concerning the Figure of fuch
Planets as revolve about an Axis, fippofing
the Denfity continually to wary, from the
Centre tvowardsthe Surface 5 by Mr. Alexis
Clairaut, F. R. S. and Member of the Royal
Avcademy of Sciences at Paris. Tranflated
from the French by the Rev. John Collon
Lucas. Prof. Math. Cantab. and F. R. .

NOtwithﬁanding that Part of Sir Jfzac New-

N 7on's Mathematical Principles of Natural
Philofophy, where he treats of the Figure of
the Earth, is deliver’d with the ufual Skill and Ac-
curacy of that great Author; yect I thought fomething
farther might be done in this Matter, and that new
Inquiries may be propofed, which are of no fmall
Importance, and which poflibly he overlook'd,
through the Abundance of thofc fine Didcoveries he
was in Purfuit of.
What at firft feem’d to me worth examining, when
I apply’d myfelf to this Subjet, was to know why
Sir Ifaac affumed the Conical Ellipfis for the Figure
of the Earth, when he was to determine its Axis?
For he does not acquaint us why he did it, neither
can we perceive how he had fatisfied himfelf in this
Particular: And unlefs we know this, I think we
cannot mtirely acquicfce in his Determinations of the
Axcs of the Planets. It feems as if he might have
took any other oval Curve, as well as tlic conical
Ellipfis of Apollonius, and then he would have come
to other Conclufions about thofe Axes.
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I began then with convincing myfelf by Calcula-
tion, that the Meridian of the Earth, and of the other
Planets, is a Curve very nearly approaching to an El-
lipfis ; {o that no fenfible Error could enfue by fuppofing
it really fuch. I had the Honour of communicating
my Demonftration of thistothe RovarL SocreTy,
at the Beginning of the laft Year 5 and I have fince been
infornm’d, that Mr. St/rling, one of the greateft Geo-
metricians I know in Europe, had inferted a Dif-
courfe in the Philofophical Tranfactions, N? 438.
wherein he had found the fame thing before me, but
without giving his Demonftration. When I fent that
Paper to London, 1 was in Lapland, within the frigid
Zone, where 1 could-have no Recourfe to Mr. Sz7r-
ling’s Difcourfe, fo that I could not take any Notice
of it..

The Elliptical Form of the Meridian being once
proved;, I no longer found any thing in Sir Ifzac
Newton, aboutthe Figure of the Earth, which could
creatc any new Difficulty ; and I thould have thought
this Queftion fufficiently difcufs’'d, if the Obfervations
made under the Ar&ick Circle had not prevail’d on
us to believe, that the Shape of the Earth was fill
flatter than that of Sir [fzac’s Spheroid; and if he
himfelf had not pointed at the €aufes, which might
make Fupiter not quite {o flat, as by his Theory, and
the Earth {fomething more.

As tc Fupiter, he fays, (Page 416 of the 3d Edi-
tion of Phil. Nat. Prin. Math.) that its Equator:
confifts of denfer Parts than the reft of its Body, be-
caufe its Moifture is more dried up by the Heat of the
Sun. But as to the Earth, he fufpets its Flatnefs to be
a {mall matter greater than what arifes by his Calcu-

kation..
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lation. He infinuates, that it may poflibly be more
denfe towards the Centre than at the Supetficies.
(See Art. XXIV. following) I am fomething fur-
prized that Sir Jfzac thould imagine, that the Sun’s
Heat can be fo great at Fupiter's Equator, when it
has no fuch Effe&t at that of the Earth; and that he
does ‘not aferibe cach to a like Caufe, by fuppofing
alfo, that Fupiter may be of a different Denfity at the
Centre from that at the Superficies.

But whatever Reafon he might have for introducing
two different Caufes, I give the Preference to the
Hypothefis which fuppofes unequal Denfities at the
Centre and at the Circumference. I have inquired,
by the Afliftance of this Theory, what would be the
Figure of the Earth, and of the other Planets which
revolve about an Axe, on Suppofition that they are
compofed of fimilar §774z4, or Layers, at the Surface;
but that their variable Denfity, from the Centre to-
wards the Circumference, may be expounded by any
Algebraical Equation whatfoever.

And though my Hypothefis thould not be conform-
able to the Laws of Nature, or even though it thould
be of no real Ufe (which would be the Cafe, if the
Obfervations made by the Mathematicians now in
“Pern, compared with ours in the North, thould re-
quire that Proportion of the Axes, which is derived
from Sir Ifaac’s Spheroid) 5 I thought however that
Geometricians would be pleafed with the Speculations
contain’d in this Paper, as being, if not ufeful, yet
curious Problems at leaft.

Nnz Parr
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ParT I

In which are found the Laws of Attra&ion,
which are exerted upon Bodies at a Di-

ftance, by a Spheroid compos’d of Orbs of
different Degrees of Denfity.

ProBreEM L

To find the Attraition which a homogeneous Sphe-
roid BNEbe, (Tas. 1. Fig. 1.) differing but very

little from a Sphere, exerts upon a Corpuftle placed
at A inthe Axis of Revolution.

I. We may concceive the Space BNEbDMB, in-
cluded between the Spheroid and the Sphere, to be
divided into an infinite Number of Sections perpen-
dicular to the Axe ACb. Suppofing then that cvery
one of the Particles, which are contain’d in one of
thefe Elements or Moments Nnm M, exerts the fame
Quantity of Attration upon the Body at A, which
may be fuppos’d becaufe of the Smallnefs of NM;

we fhall have caxPM?® XP px}%}}; for the Attra&tion

of any onc of thefc Elements; putting ¢ for the Ratio
of the Circumference to the Radius, and o for the
given Ratio of MN to PM, thatis, of DE to CD.
Now if we make CA=e¢, CB=r, AM—=—z; and
for PM, AP, Pp, if we fubftitute their Values ex-
prefy'd by z, and then {eek the Fluent of the forego-

. . 3 s
ing Quantity 5 we fhall have ic—;%—"_fff‘—”— for the

5e*
Value
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Value of the whole Attra&tion of the Solid gene-
rated by the Revolution of BDbEB: To which if
wc add ’:%1:_2’ the Attrattion of the Sphere, we fhall

3 3 s ) .
have 2224420 2 2227 for the required Attraction
3ee = 2ee se

of the Spheroid upon the Corpufcle A.

ProsLeEM Il

Suppofing now the Spheroid Bebe (Fig. 2.) 20 be no
longer of a homogeneous Matter, but to be com-
posd of an infinite Number of Elliptical Strata,
all fimilar to BEb, the Denfities of which are-
reprefented by the Ordinates KT of any Curve
whatever VT, of which we have the Equation
between CK and KT the Astraction is required
which this Spheroid exerts upon a Corpufile.
placed at the Pole B.

1I. MakingBC=¢, CK=r, by the foregoing Pré-

: 2v3c | g4crd3a 4cars
pofition, we fhould have 3ec+ - P

set
the Artradtion of the Spheroid KLK, if it confifted of
- homogencous Matter ; and the Fluxion of this Quan-

. arrcr 4.car*f cartr . ‘
tity ——+— — 2227 F would be the Element

< ¢

or Moment of the Orb KLKklk. But becaufe the
Denlfity is variable, we muft multiply this Value of the
Attra&tion of the Orb by KT, and the Fluent of this
Quantity will be the Value of thc Attrattion of the

Spheroid KLK.
As to the Value of KT, which exprefies the Den-
fity of the Stratum or Bed KLKklk, we thall take
only
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only fre4.gr9, becaufe we fhall fee afterwards, that
a Value more compounded, at frefgrafhrifirt,
Zrc. which by the Property of Series may expre(s all
Curves, would not produce any Varicty in the Cal-
culation.

Thercfore multiplying the foregoing Equation by

3P s+p
frry gr9, wehall have acfxidzaxr’ - scafr’
eeX3+4p e4X54p

2¢cg¥% [+z¢xr3 +q Ace grjj:g for the %antity
ee X 34q e*xs54q
of Attrattion of the Spheroid KLK, exerted upon a
Corpufcle placed at B.
II. In this Value making r=e, we fhall have

gcfel+p_148cfel+p¢ .zcgel+q %_cgel-*-qd

34p 3 FpXsp' 3F4  3Faxs4q
which will exprefs the:Force of Attraltion of the

Spheroid BEb, exerted upon a Corpufcle placed at
the Pole B.

THEOREM.

A Corpuftle being placed in any Point N of the Sur-
Sface of the fﬁegoz’ng Spheroid BEbe, I fay it
will undergo the [ame Attraition from this Sphe-
roid, as zfg 1t were placed at the Pole N of 4 fe-
cond Spheroid revolving about the Axe N O, the
Jecond Axe being the Radius of a Circle equal in
Superficies to the Ellipfis ¥Gs fuppofing this fe-
cond Spheroid NGOF (Figg ) 2o be wmpﬂé%f
the %tl'}ta ?mbq%, wbo{gk enfities are the [ame

as tnofe of pne Strata KkLIKK, of the fr
Spheroid. ‘  of v Fof
IV. In
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IV. In the Difcoutfc I had the Honour of commu-
nicating to the RoyAaL Soc1ETY, being then at
Torneo, printed in the Philofophical Tranfaitions)
N€ 44.4. 1 have demonftrated this Propofition as to a
homogeneous Spheroid 5 and the fame Reafoning will
obtain in this Cafe alfo.

ProsrLeEM IIL

To find the Attraction which the Spheroid Bebe
(Fig. 2.) exerts upon a Corpuftle placed at any
point N of the Superficies.

V. We will make, as above, BC—¢, CE=c¢}-cqa,
and alfo CN=c+eca, and half the Conjugate Dia-
meter of CN will be CG=¢-eax—ea; whence the
Radius of a.Circle, equal in Supetficies to the Ellipfis
EG, will be a mean proportional between CE and

and CG, that is-to fay, C+Ca¢?"‘£€7\‘.- Therefore the.
Sphicroid BE be excrts the fame Attrattion at N, as
would be exerted at the Pole of a Spheroid NGOF,
(Fig. 3.) of which the principal Axis would be
NO_2¢+2¢x, and the fecond would be to the
Principal as 1 +a’-§7\ to 1.

Therefore in the Expreflion of the Attra&tion at the
Pole, (Art, III.) we muft fubftitute e+ea inftead of
e, and oc-—’-gA' inftead of &= But if f and g muft no
longer be the fame ; for we may eafily perceive by the
foregoing Theorem, that the Denfity muft be the fame
in this Spheroid NGOPF, at the Diftance r+ra from

the Centre, as it is in the Spheroid BEbe at the
Diftance
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Dittance r. Thetefore f ( I-—_;—z) Py ( 1’-{% ) 1 puft be
put inftead of fe®ge?. Thus we fhall have
2cfel+p ;F—_;.cf)\el_}‘p 8‘cf'ocel+p :’.c:gel"‘"q
it T adexidr LiteGFr ata
wﬁ:ﬂ M for the Attraltion of

Stosta TiFeooTa
the Spheroid BE be at N.

VI If we make A =«, the foregoing Expreflion

will be reduced to this “Fi+p 2 fC_I:— Pa
S 3P 5P
~.4}_20‘“’6]["}—q,{_3’~¢2€1+q@°’ which cxprefles the At-
344 519
traétion of the Equator.

VIL If we would have the Attraltion at any Point
M within the Spheroid, in the Expreflion of the At-
tra@tion at N, we muft put r inftead of e.  The Proof
of this is plain from the fame Reafons that Sir Ifaac
Newton makes ufe of, (Corol. 3. Prop. XCL L. 1.
Princip. Math.) to fhew that the Attraltion of an
Elliptic Orb, at a Point within it, is none at all.

ProsrLEM IV.

Let RI1rx (Fig. 4) be a Circle whofe Centre is Y
‘tis vequired to find the Aitraction which this
Circle exerts upon a Corpuftle at N, according to
the Direction AY 5 fuppofing the Point H, which
anfwers perpendicularly below the Point N, to be
at a very fmall Diftance from the Point Y.

VIIL Let there be drawn ITHz perpendicular to

sthe Diameter RYr, and let the Space RI1# be tranf-
ferr'd
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fer'd to #T1Z. Then the Space » ZITr will be the
only Part of RITrz, which will attratt the Body N
according to HY.

To find the Attrattion of this little Space, we will
{uppofe it to be divided into the Elements TtsS, the
Attraltions of which, according to HY, will be

Tt §§;‘3QT7 or 2HY = QT, the Fluent of which
2H YIZI‘.%ISQI_Z. is ‘the Attra&tion of TZrS, according
toHY. In whichif we put [T7 for HQ, we fhall have

)8
NHxRx2HY,  zHYXTIH?xc for the Attraltion
N3 or NG
required.

IX. It is eafy to perceive, that if, inftead of a Circle,
the Curve RI1r weré an Ellipfis, or any other Curve
whofe Axes were but very little different from one
another, the foregoing Solution would be ftill the
fame.

ProsrLeEM. V.

To find the Attraition which an Elliptical Spheroid
KLk (Fig. 5.) exerts upon a Corpufcle placed with-
out its Surface at N, according to the Direltion
CX perpendicular to CN.

X. To perform this, we will begin by drawing the
Diameter Cpy, which bife¢ts the Lines Rr perpendi-
cular to CN; and the Ratio of CH to HY fhall be
call'd n. Then cfteeming the Ellipfis R r as a Cirdle,
(fee the foregoing Article) we fhall have by the Pro-

1
blem aforegoing 2"¢ xRH® xCH o jrs Attraltion,
NRE

Oa according
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according to HY's which being multiply’d by the
Fluxion of MH, the Fluent of this will be the At-
tra&ion of the Segment of the Spheroid R Mr.

This Calculation being made, and N'm being {ub-
ancrf

ftituted for NR, we fhall have e for the Attrac-

tion of the Spheroid in N, according to the Direc-
tion CX.

ProBrEM VL

To find the Attraltion of a Corpufcle N, according
to CX, towards an Ellipfoid BNEbe, compofed
of Strata, the Denfities of which are defined by
the Equation D=frv+gra.

XI. Take the Fluxion of the Quantity %Ef:
. €
which exprefles the Attrattion of the homogencous

Ellipfoid KLk, and you will have ”::45 for the

Attra&tion of an infinitely little elliptick Orbs which
4+p;
4

being multiply’d by the Denfity D, gives 2¢nfr
€

4-4-q; b acfned TP
e Tesmmp——r v

280 5, the Fluent of whic
e + 5+pxet
5-rq .

—}—?.E_-"é’-_ﬁ—-;-, is the Attrattion of the Spheroid
gXe

S
KLk, éccording to CX. Thercfore the total At-
tradtion of the Spheroid BNEbe upon the Cor-
pulcle N, according to the Direttion CX, will be

2cfnel+p._;_2canel+q.

Ts+p T 544

Now
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Now if we have regard to the Smallnels of the
Line Ny, and obferve how little the Angle yN C will
differ from a right one, we may perceive that the Dia-
meter CN contains the fame Angle with the perpen-
dicular NX in N, as the Diameter CN with the per-
pendicular at y; that is to fay, that the Angle NCy
is the fame as the Angle CNX; fo that inftcad of n we

may take 8—% Whercfore the foregoing Expreflion of

the Attraltion of the Ellipfoid BEbe, a&ting accord-

ing to the Dire&tion CX upon a Corpufcle placed in
fol +p CX 14q CX

N, willbe 222 X 2CBC

it

7 Nt TS XN
ProsrLEM VIL

To find the Direition of the Attrattion of a Cors
pufele N towards the Ellip[oid.

XII. By the fecond Problem we fhall find the At:

traction of the Spheroid according to CN to be
o

2¢f61+P+2Cge ) by expunging what may be

3P |
here expunged. Then by taking a fourth proporti-

onal to thefe three Quantities, the firt of which is the
Attra&ion according to CN, the fecond is that ac-
cording to CX, and the third is the right line CN
there will arife |
Fet P, geiHa
S+p  s54q
feltP ,.r

34-p + 349
Ooxz Whence

xCX==Cl,
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Whence we fhall have N1 for the Direltion requir’d,
of the Attraltion of the Corpufcle N.

XIIL If we fuppofe p=q=o, that is, if the Sphe-
siod be homogencous, we fhall have CI:%CX;
which agrees with what Mr. 8tsr/ing has found, in

that curious Diflertation he has publifh’d in the Phila-
Sophical Tranfactions, N 438.

ParT IL

The Ule of the foregoing Problems, in finds
ing the Figure of Spheroids, which revolve
about an Axis.

XI1V. Let us mow fuppofe, that the foregoing Sphe-
roid BNE be, (Fig. 5.) which is fill compofed of
Beds or Strata of different Denfities, revolves about
its Axis Bb, and that it is now arrived at its pet-
manent State. It is plain that the Particles of the
Fluid, which are upon its Surface, muft gravitate ac-
cording toa Direction perpendicular to the Curvature
BNE: for without this Condition there could be no
A quilibrium.

We fhall now inquire, whethet the Elliptic Figure
we have afcribed to our Spheroids can have this Pro-
perty, and to prodace this Effe@t, what muft be the
Relation between the Time of Revolution of the
Spheroid and the Difference of its Axes.

Let us then put ¢ for the centrifugal Force at
the Equator, and the centrifugal Force at N will be

%ﬁs %&%ﬁ becaufec 2PN xa=Cx.

By
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By refolving this centrifugal Force according to the

Perpendicular to CN, we fhall have ?-1%5, ‘which

scfel +P CX 2cgel+q CX

being added to __;'—)-T XEN S5 —XCN’

found by Prob. V. will give the wholc Force of the
Body N, according to-the Direction CX, when the
Spheroid is converted about its Axis. But becaufe
this Body, by virtue of the Attraltion according to
CN, and the Force according to CX, ought to have
a perpendicular Tendency to the Superficies ; we fhall

. . 1+
fhall have this Analogy, CN. CX::2¢cf T P

3
144 CX 2cfel+p 2C£Cl+q

. 2cge —
ST a TSI CN+ s+q
g—% And hence, becaufe CN and CE may be

affumed” as the fame on this- Occafion, it will be
_8cfel+Pce+78cgex +q¢
3+pxs+p  3+H4Xs5+q ‘
And as in this Value of the centtifugal Force, no
Quantity enters but'what will agree to any Point N
The Soporoid po W E AV therefore conclude, that
be Spreroid oe- > P N
Sug fupposd ellipti- when our fupposd elliptical Spheroid
cal, Bddies willgra-  petforms its Rotation in a proper
witate perperza’zm— Time, fo-that the ccntnfugal Force
larly 1o ts Surface.  gp the Equator may be as before ; then
the centrifugal Force in any other Place N will be
fuch as it ouoht to be, to caufe Bodies to gravitate in a
pcrpendxcahr Direétion to the Surface.

XV. If
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; XV. If we now confider, that
,b%_Exl;"ﬁMf" ED (Fig.6.) -being taken for the
P,m'::’,fb:'s;,:{_ centrifugal Force in E, then will
roid. MN cxprefs the centrifugal Force

in N, and confequently M1 will be

fuch a Part ofthis Force as aéts according to NC; we
. ) I+P I+\ )
fhall have 3£ T P24 Bcae T Ir 4 e fubtracted
3¥pxs+e  3taxs+q ‘+
. . pl p
from the Attradtion at N. Hence 255 —
k+zp-—-mcf>\e1+p S_f_i{el+p-_‘_zcgel+q .
‘ 3+P.XS¢P+ ' 3+st—:}*-_pT 34+q
b aal 1 .
pe2g—tocere’ Ty scoeel T yill b the Gra:
~ 34axsgq 8-+qxs5+q |
wity at N. ‘ ‘
XVL In this Value making A=z, we fhall have
The Gra- cfel.“'p 2 —-e.cf'et.el—*"p 2czel+q

wity at the 2 -+

Equator. 3Fe 3Fexs e 3+4q

. sq—acgae’ T4 . Equator.
+—9—.===.——==='=—" for the Gravxty at the Equator.

34+axs5+q o
XVIL If we fubtra&t the Value of the Gravity in
N from the Value of the Attradtion or Gravity at

— o I
the Pole, (Art. IIL) we fhall have 2—2Pcfic te
| 34pxs+p

But it is eafy to perceive, that

410—2chAe;+q
" 3t+axsdq ,
2 is proportional to the Square of the Sine of the
Arc PM, or of the Complement of the Latitude.
Whence we may therefore conclude, that the Dimi-

aution
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nution of the Gravity from the Pole to the Equator is
proportional to the Square of the Cofine of the Lati-
tude ; or, which is the fame thing, that zhe Augmen-
tation of Gravity from the Equator to the Tole is
as the Square of the Sine of the Latitude, as Sir
Ifaac Newton has demonfirated in his Hypothefis of
a homogencous Spheroid.

XVIIIL. From the following Calculation it is eafy to
conclude, that Sir Ifaac’s Theorem, (Prin. Math.
L. IIL. Prop. XX.) which is this, that zhe Gravity in
any Place within is reciprocally as the Diftance

rom the Centre, cannot obtain here. For we may

fee by the foregoing Expreflion, that the Gravity in
N cannot be to the Gravity in P as 1 to 142, except
when p=q=o0, which happens only in Sir Ifzac’s
homogencous Spheroid.

It was for want of confidering, that this Theorem
was demontftrated by Sir Ifzac only in the Cafe of his
homogeneous Spheroid, that feveral Geometricians
have too haftily concluded; this Theorem might be
apply’d to determine the Ratio of the Earth’s Axcs,
and the Lengths of the Pendulum obferved in two
Places of different Latitudes. - Dr. Gregory is one of
thofe who have fallen into this Miftake, in his E/e-
ments of Aftronomy, Lib.11I. Se&. 8. Prop. §2. And
in the Philofophical Tranfactions, N® 432. itis con-
cluded, from the Proportion of Gravity at Famaica
to that at London, that the Diameter of the Equator
muft exceed the Earth’s Axis by 3sth Part, which
Computation was founded on this 2oth Propofition,
Lib. IIL. of Sir Ifzac’s Principia, which is true only
of his Spheroid.
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XIX. Let us now f{uppofe, chat
ﬁ,,z,?;z ﬁ,’;”i’;‘;’”‘;@ the centrifugal Force at the Equa-
ithe Spheroid, the tor is known by Obfervation, as

Variation of the AR . _
Denfities of  the alfo within the Earth, ¢¢. and that

Strata being taken it is a certain Part = of the Gravity ;
at pleafure. ] m
by Articles XIV. and XVI. we fhall
have this Equation : '
2cfel+,p 20—zcﬂel+po&+zcge!+q

3+p 3tpxs4p ERN
+;—q_:-—2-cgel q¢=i_§£fmer+qa 8cmgel+qa,c,

3FaXs+q  3fpxsdp  3Faxs+g
From hence it will be cafy to derive the Value of «,
becaufe f,g,p,q, will be given, from the Hypothefis
that will be chofen, for the Variation of the Denfity
in the internal Parts of ‘the Spheroid.

XX. And if on the contrary « be given, that is, if
‘we know by ‘Obfervation the Ratio of the Axes of
the Planet concern’d; then by the foregoing Equation
we may perceive, whether we have affumed an agree-
able Hypothefis for the Variation of the Denfitics :
But we cannot precifely determine what this Hypo-
thefis muft be, becaufe there is but one Equation, in
which four indeterminate Quantities f, g,.p, q, arein-
volved. And indeed there might be many more than
four indeterminate Quantities, if we fhould aflume
more than two Terms in the general Equation of the
Denfities D={rP4-gri4-hr®, .

XXI. In order to apply the foregoing Theory to the
Earth, it might feem-at firft Sight, that by the Aflift-

ance of Obfervations made for meafuring the Length
: of
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of the Pendulum, we might have other Equatiohs,
which with the foregoing Equation A, would deter-
mine the Cocfficients & Exponents now mention’d ;
but we fhall foon fee the Impoffibility of this upon two
Accounts : Firft, There need be only two Obferva-
tions, as to what concerns the Length of the Pendulum..
For becaufe by Art. XVIIL the Augmentation of the
Gravity from the Equator to the Pole is proportional
to the Square of the Sine of the Latitude, two Obfer-
vations as much determine the Problem asan infinite:
Number can do: So that we could have but one other
Equation befides the foregoing. This Equation will

Sopley Suge
be (B) p—p— 3ERX52 _ taxsta

presm—

P p—ifa f g G—1ga
e + 3+p + 349 + 39q % 59

The firft Member of this Equation exprefles the Gra-
vity at the Equator fubtratted from the Gravity at the
Pole, and divided by the Gravity at the Equator; 2
Quantity which may beknown in Numbers, by deter-
mining the Length of the Pendulum at two different
Latitudes. The othex Member of the Equation is an
Expreflion of the fame Quantity, as it is deduced by
the preceding Calculus. ‘

Secondly, This new Equation B cannot be of any
Service in determining the Coefficients and Expo-
nents f, g, p,q, ¢r¢. For we fhall now fhew, that the

' |
foregoing Ratio =P has fuch an imniediate Con-

pexion with «, that one of them being determin’d,
the other will neceflarily be fo too, independently of"
Pp the
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the Values of f,2,p,q, &¢. This may deferve oux
Attention, and the Proof is thus:

XXII. Becaufe the Ratio of the Gravity to the Cen-
trifugal Force is very great, and is exprefs’d by. m,. in
the Equation A we may reje& the third and fourth
Terms; by which means the Equation will be reduced

o this, —— = tmie_  __ smas
OIS, 4 p T i4q 3hpXsEp 3+9X5+9
And if from this Equation wec deduce the Value cithet
of f ot g, and fubftitute it in the Equation B; (having
firft rejected the firft and fourth Terms of the Deno-
minator, -as in this Cafe may be donc) we fhall have
after the Calculation is made, whatever is the Num-
ber of Terms in the Equation of the Denlfities,
7 !
P—P_T0 __a0r PP=_1 __ 4 by putting 288 for

P 4m p 11§

The Figure of s as has been long known.
the Spheroid being It is eafily feen from +this Equation,
known, the Aug- '
mentation-of Gra- that when ¢ is determined, E—=P
vityfrom the Equa- . » . p
tor to the Pole will Will be fo too, which was the

fb: ‘fzaeﬂg; ;}ff” #7d  thing propofed to be proved.

XXTI. But from this Equation there follows a very
fingular Propofition, and which, in fome fort, is con-
trary to the Senfiments of Sir Ifzac Newton, Page
430. of the 3d Edition of his Principles. And this
is, that 3f by Obfervation st fball be difeoverd, thar
the Earth is flatter than according to the Spheroid
of Sir laac, that is, if the Diameter of the Equa-
tar-exceeds the Axis by more than the ;i Part, the

Gravity
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Gravity-will increafé lefs from the Equator towards
the Pole, than according to the Table which he has
g#ven for his Sphereid; Prop. XX. of the 3d Book.
And on the contrary, if the Spheroid is not (o flat,
the Gravity will increafe more from the Equator
towards the Pole.

XXIV. "Tis thus that Sir Ifzac Newton exptefles
himfelf about it, when he relates the Experiments
made towards the South, concerning the Diminution
of Gravity, which Experiments make it greater than

. his Theory requires. He affirms
E¢ exceffus longi- y >

tudinis Penduli Pa-
é{'[iez/is Supra lon-
gitudines  Pendulo-
vum ifochronorum in
bis latitudinibus ob-
Sfervatas, funt paulo
majores quam pro
Tabula  longitudi-
num Penduli fupe-
rius computata. Et
propterea Terra ali-
quanto altior eft fub
@quarore, quam pre
ﬁ%eriare caq[culo, &
denfior ad centrum
‘quam  in fodinis

prope [uperficiem.

that the Earth is denfer towards the
Centre than at the Supetficies, and
more deprefs'd than his Spheroid re-
quires. Butby the foregoing Theory
we may eafily perceive, that if the
Denfity of the Earth diminifhes from
the Centre towards the Superficies,
the Diminution of Gravity from the
Pole towards the Equator will be
greater than according to Sir Jfzac’s
Table; but at the fame time the
Earth will be not fo much depre(s'd
as his Spheroid requires, inftead of
being more fo, as he affirms. Yet

I would not by any means be underftood to de-
cide againft Sir Ifzac’s Determination, becaufe I
cannot ‘be affured of his Meaning, when he tells
us, that the Denfity of the Earth diminithes from the
Centre towards the Circumference. He does not
explain this, and perhaps inftead of the Earth’s being
composd of parallel Beds or §zraza, its Parts may be

Ppa con-
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conceived to be otherwife arranged and difpofed, fo
as that the Propofition of Sir Ifzac thall be agreeable
‘to the Truth.

XXV. As to Dr. Gregory, who has attempted to
comment upon this Paflage of Sir J/zac, 1think I have
demonftrated, that he has committed a Paralogi{m.
He fays (Element. Aftronom. Lib. 111 §. VIII. Prop.
LIL. Schol.) that if the Earth is denfer towards the
Centre, orif (for Example) it hasa Nucleus of greater
Weight than the other Parts, the Diminution of Gra-
wity from the Pole towards the‘Equator fhall be greater
than if the whole were of the fame Denfity ; and in
this he is right. But he is in the wrong (I think) im-
mediately ‘to conclude from thence, that the Earth
has a greater Flatnefs. "Whence can he conclude this:
It canbe only from that Propofition of Sir I/zac which
informs us, that Gravity is in a reciprocal Ratio of the
Diftances; becaufe he gave usthe Propofition but the
Page before, -as a Mcthod for determining the Figure
of the Earth. But we are not allow’d to make ufe
of this Propofition-in ‘this Cafe, becaufe it has been
thewn, Art. XVIIL that it can take Place only on
'the Suppofition of .a hemogencous Spheroid.  There-
fore, .&re.

XXVL It will not be very difficilr, without any
Regard had to the foregoing Theory, to find the Ratio
of the Axes of-a Spheroid, which we may fuppofe to
have a Nucleus at the Centre, of greater Denfity than
the reft of the Planet; and hence we fhall be eafily
affured of Dr..Gregory’s Miftake.

XXVIL Setting afide all Attra&tion of the Parts of
Matter, if the AQion of Gravity is direGed towards a
Centre, -and is.in the reciprocal Ratio of -the, Squares

of



[ 2971

of the Diftances, the Ratio of the Axes of the Sphe-
roid will then be that of §76 to 7y : And the Gra-
vity at the Pole is greater than at the Equator by
sth Part, or thereabouts. "Which may be a Con-
firmation of what is here advanced, efpecially to fuch
as will not be at the Pains of going through the fore-
going Calculations. For we may confider the Sphe-
roid now mention’d, in which Gravity a&ts in a reci-
procal Ratio of the Squares of the Diftances, as com-
pofed of Matter of fuch Rarity, in refpe& of that at
the Centre, that the Gravity is produced -only by the
Attra&tion of the Centre or Nucleus.

XXVIIL In the foregoing -Calculations, in order
to find the Axes of our Spheroids, and to know whe-
ther their Figure makes a fenfible Approach to that of
the conical Ellipfis, we have had Recourfe to-this Prin-
ciple, that Gravity ought always to att in a Direftion
perpendicular to the Surface. TFwo Reafons have
prevail'd with us:to make ufe of this Principle rather
than the other, which confifts in the Equilibrium of
the Columns. The firft is, becaule the Calculations
founded thereon are .more fimple. "The fecond is,
that confidering the State of ‘the actual Solidity of the
Earth, it fhould feem as if this Principle were the
more indifpenfably neceffary. However, becaufe Six
Ifacc Newton, and all the other Philofophers, who
have treated about the Figure of the Earth, have taken
it, as it were, at its firft Formation, at which Time
they {fuppofe it to havebeen fluid; we fhall here make
the fame Suppofition, and we ‘fhall aflume no other
Ratio for that of the two Axes, than that of the Sphe-
roid, which refults from a Coin¢idence of thefe two
Principles.

We
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‘We thall begin by inquiring what is the intite
‘Weight of any Column CN, Fig. 7. To dothis we
smuft refume the Expreflion of the  Attracion in any
Point M of the Column CN; then multiply it by

t4ar, and by the Denfity frP~-gr9, and afterwards
we muft find the Fluent. Thus we fhall have
cfte 2+2p Cg"‘ez+2q+2_c_fgr¢2+p+q

vfpx3p © 1daxidq  2Fptax3te
2cfge‘2+p+q 4cfPae” 2t2p

———— T

TFrtoGTa | ko FPote

4cg‘¢e2+2q 8cfoae” 2+p+q

1dqx3fqx5q  2FpFax3tpxs+q

8cfg'aze2+p+q : 4+zpcf’£~)\e2_+2p

24p+qx34q Xst+q - 1+PX3+9 s+p

3Fq9Xs+9xi+p 2+p+q><3+p><s+p

+8++qu€’\€ ‘—}{-p-]-—

24p494X3+qX54-q

any Column CN, having Regard only to the At-
traltion.

XXIX. If in this Expreflion we make aA==o0, we
fhall have the Gravity of the Column at the Pole.

XXX. And if we make A =g, we fhall have the
Aggregate of the Attraltions of the Column at the
Equator.

XXXI. Now becaufe the Column CN is in ZEgus-
Jibrio with the Column CB; it follows from thence,
that if we {ubtrac the Weight of the Column CB from
the Aggregate of the Attrattions of the Column CN,
the Refidue muft be equalto the Sum of the centrifugal

Forces

for the total Gravity of
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Forces of the Column CN.  Now to endue our Sphie-
roids with this Property, we will refume the Expreflion
of the centrifugal Force in E, which we found Art,

+r, +p,)
1V. which will giv (-"-S-“f—__-:" i_-i.—%_-e—__-_—*)&
ALV. which will give 3+pXs+p  349x54+q7°¢
for that Part of the centrifugal Force which ats ac-
cording to CM, in amy Place M, by expunging the
Terms in which «« would be found. This Value
being multiply’d by r, and by the Denfity, will give

. 2 2P,
(when we have taken the Fluent) ._,?i_s_f_s_i__‘l_i__.
| 24pX34pX5p
L 8cfge?FPH | gegge2trt,
24pX3+9X5+9  249X3+pX5+p

2,2T29 .o
~dceie 2 for the Sum of the centri-
. 24-qx3+qx54-q .
fugal Forces of the Column CN, il expunging thefe:
Terms in which cither ¢« or AA are found.

Then making this. Expreflion equal to
Trapcfe 2P § v cree2 TP HT,
TEpX3TRNiFr | PP a3 RNi TP

. mcfge2+p+qA . VMCg*-e"_}'zq.A
T tootaoFa L TEeaF Ot

which is the Difference of the Weight of the Co-.

lumn at the Pole CB,. from the Sum of the Attracti-

ons of the Column CN, we f{hill have the Equation.
poff 2pqfg

'1+px£T—px3+p><s+P+3—+P+qX3+Pﬁ<5+PX2+<1
2pqfg 9922,

o FooTooFacete oo Faxsta
where we have put e=1, for the greater Simplicity of
Calculation.

XXXII. .
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XXXIL This Equation informs us, that when out
of all the infinite Varietics, which will be fupply’d

by the Equation of the Denfities D =f P 4gri4-hr®
o &rec. we fhall have taken at Plea-
ﬁ,tfetse;;zszlznz {ure all the Cocflicients, and all the
make the Principle  Exponents, one only excepted; if
of the Equilibrivm ¢pic Jafk is fuch in retpe@ of the
of the Columus, and . ,
that of Gravityper- Others, that it may fulfil the Con-
pendicular vo 1he  ditions of the foregoing Equation,
i”‘i’i’z’z’df‘;ﬁ;’e’;’."de the Spheroid, being fuppofed in a
State of Fluidity, will be iz ¢ Zqu;-
librio, becaufe it will unite as well the Principle of a
perpendicular Tendency to the Surface, as that of an
Equipoife of the feveral Columns. ,

XXXIII. Before I conclude this Paper, I fhall make
a few RefleCtions on the Principles we have now
made ufe of, for determining the Figure of a Spheroid.
revolving about its Axe.

The firft Principle which, after Mr. Huygens, we
have had Recourfe to, and which confifts in making
Bodies gravitate perpendicularly to the Surface, feems
to me of abfolute Neceflity. For if there were never
fo little Water upon the Surface of the Earth, it could
not be at Reft, if it had a Tendency any how inclined
to the Surface.

The fecond Principle, made ufe of by Sir Ifzac
Newton; and which confifts in an Equilibrium of the
Columns CE, CN, CP, could be thought neceffary
(I think) only for thefe two Reafons: The firft is
that which is ufually aflign’d, that at the firft Forma-
tion of the Earth, it was probably in a State of perfect
Fluidity 5 in which cafe it muft acquire fuch a Figure,

as
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as will refult from the Equilibrium of the Columns,
and from the Gravitation a&ting perpendicularly to the
Surface. Indeed though this Reafon has a Degree of
Plaufibility, yet therc are many who think it to be of
fmall Force. Perhaps, fay they, the Earth has never
been in this fluid Condition.

The fecond Reafon, which I believe will have a
greater Weight with cvery Body, is this. Confider-
ing the Earth as it is at prefent, and without carrying
our Thoughts o far back as to its Formation, if the
Ocean, which is now upon its Surface, has any con-
fiderable Depth, and if its Parts preferve a Commu-
nication with each other, from Region to Region, by
{ubterraneous Canals; it can only keep an Equili-
briim by this Means, becaufe its Supetficies is the
fame as it would have, were the whole a Fluid.

XXXIV. This fecond Reafon has fuggefted a Re-
flexion to my Mind, concerning the Equipoife of the
Columns now calculated, Art. XXXI. and XXXII.
Let us firft fuppofe, that the Earth is our fluid Sphe-
roid, compofed of Beds of different Denfities; and
that afterwards this Fluid hardens into a Solid, fo that
the different Beds or Strata, of which it is made up,
are of no other Ufe but to caufe a Gravity by their
Artra&ions. Then let us fuppofe, that the Seas and
great Waters about the Earth have a Communication
with cach other, by means of fome fubterraneous
Canals. As the Waters of the Sea, which unite with
one another, are probably homogeneous, the forego-
ing Calculation, wherein we have confider’d the Sphe-
roid as a Fluid, can no longer take Place, becaufe we
have there fuppofed, that the Fluid contain’d in the
Canal BCN is of a Denfity, that varies from the

Qq Centre
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Centre to the Circumference. From hence it feems
to me, we muft undertake the Computation of the
Equilibrium of the Colwmns aftct another Manner,
thus : ~

W e muft examine whether two. Canals, as CN and
BC, which arefill'd with a homogencous Fluid, will
be in «_4quilibrio, all the other Parts of the Spheroid
continuing as above..

XXXV. To. do this, we will begin with finding the
Gravity of any Column CN, (Fig. 7.) arifing from
Attration alone. Firft, then, we muft refume the Ex-
preflion of the Attradtion in any Point M, Art. VIL

Then we muft multiply it by r4ar, which will give
chr}+pr.‘ 8+¢LDcf7\rI+p; 8cf¢r1+pi‘~
3+p + 3+pxs5+p 3+pxs+p
I qe . .
q.2¢68r r &rc. And taking the Fluent of this
i ) 24-p +
antity, we fhall have 26fe T 7 4 4cfare® TP
Qi 3+px2-4p 3 Fpxs+p
; 8CF¢C‘2+? 20 e2+q :
+ S _——__g:-—, &rc. for the Gra-
24pX34+pX5+p  34qx24q
vity of the whole Column CN.
XXXVI. If in this Value we make a=o0, we fhall
have the Gravity of the Column at the Pole.
XXXVIL. And if we fubtra& the Gravity of the
Column at the Pole from the whole Sum of the
Attrations of the Column CN, we fhall have

N ,
acfre2 P &@+q*, which mutt be equal to

3+pxs+p  3Fqxsdq
the Sum of the centrifugal Forces of the Column CN,
‘ in
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in order that the Columns CB and CN may be i%

o Equilibrio.
But we fhall find this really to obtain, if we refume
1-4p 1 .
the Quantity (8°fe 4 deee tg:\):’ which
3FpXs+p  34qX5+q/¢

exprefles (Art. XXXL) that Part of the centrifugal
Forcein M, which aé&s according to CM.  Then mul-
tiplying this Expreflion by r, and fecking the Fluent,

, 23-p 2-hg
we fhall have &Sf& Ao.tcES » for the Ag-

e

3Fpxs+p_ 3+9X5+49

gregate of the centrifugal Forces of the Column CN.
And this being the fame as the foregoing, fhews, that
the Columns CB and CN are in ¢ Equilibrio, fup-
pofing them to be homogencous; nor are ‘we here
obliged, as in Art. XXXII. where we confider them
as heterogencous, to fuppofe the Cocflicients f, p, dre.
to have any certain Relation among one another.

XXXVIII. Perhaps it may be urged, that the fore-
going Calculus agrees only to a Canal, as BCN, which
pafles through the Centre; and that we ought to
prove, in the fame manner, that the Water included
in any other Canal pqr would obferve an ¢ Zquils-
brium. Butitappears to me, thar this Property may
be derived from the former: For it follows from the
foregoing Calculation, that if we might be allow'd to
make this Hypothefis, vzz. That independently of the
Attra&tion of any Matter, the Gravity at any Diftance
CN from the Centre, -(fee Fig. 7.) would be propor-

:zc{-'el-'l"p ‘zp—chAel+p 8cfacltP
R 3+pXs+p o 3Fpxs+p
&r¢. itis plain from thence, that a Mafs of the homo-
Qq 2 gencous

tional to
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geneous Fluid, which fhould turn about the Axis CB,
would afflume the fame Form as that of our hetero-
geneous Fluids. But if this Spheroid fhould then put
on a fix’'d State, except only fome Canal pqr, the
Water in this Canal would be 7z ¢ £Equilibrio; for
without this, the Spheroid could not be efteem’d as
having arrived to its fix'd State. But this Suppofition
comes to the {ame as that of our heterogeneous Sphe-
roid, compofed of elliptical Beds, in which fhould
be found a Canal pqr of a homogeneous Fluid 5 pro-
vided that the Space, which this Canal poffefles in the
Globe, be not of fo large an Extent, as to change the
Law of Attraition.

It might now be thought feafonable to give Ex-
amples, for illuftrating the foregoing Theory; but
they are fo eafy to be produced, after what is already
done, that I fhall leave them to the inquifitive Reader,
having perhaps exceeded the Limits, within which this
Difcourfe thould be confined. ThereforeI fhall only
add the few Obfervations following.

The only three Planets, in which we can be affured
of Gravitation, and the centrifugal Force, are the Sun,

upiter, and the Earth. As to the Sun, the centri-
fugal Force is there fo fmall, in refpeét of its Gravity,
that his Poles muft be very little deprefs'd, fo that we
cannot be fenfible of it by Obfervation. Then as to
Jupiter, Obfervations make him fomething lefs flat
than according to Sir Ifaac Newton ; that is to fay,
than if he were compofed of Matter of an uniform
Denfity. Therefore by the foregoing Theory, he
muft be a little more denfe towards the Centre, than
at the Parts near the Superficies. 'We might make a
thoufand Hypothefes about the Manner of diftributing

the
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the Inequality of Denfity, proceeding from the Centre
towards the Circumference, which would all agree
with the Figure obferved, and which are very eafy to
calculate by the Principles here laid down.

As to what concerns the Earth, I fhall wait till we
receive the Obfervations which muft have been lately
made in Pern; that by comparing thofe with what
Obfervations we have made under the ar&ick Circle,
and with thofc of Mr. Picart in France, we may have
the true Difference of the Earth’s Diameters at the
Equator and at the Poles. Then our Theory may be
apply’d, to determine whether the Earth is more or
lefs denfe at the central Parts than at the Surface, or
whether it be every-where of an uniform Denfity, as
it ought to be, if (without admitting very grofs Er-
rors in the Obfervations) it may be concluded, that
she Earth is really the Spheroid of Sir Ifzac Newton s
and this Cafe would be the fimpleft and the moft natural
of all.

I am here obliged to acknowledge, that if the Ob-
fervations we have made in the North may be rely’d
upon, and if we muft admit as inconteftable as well
the Meafure of a Degree as the Length of the Pendu-
lum, the foregoing Theory could not be reconciled
to the Phenomena. For it follows from our Obfer-
vations, that the Diameter of the Equator muft exceed
the Earth’s Axis by more than $35 Part: And that the
Gravity at the Pole muft be greater than that at the
Equator by more than 5 Part likewife s which will
by no means agree with what we have deduced in
Art. XXIIL

As to what concerns the Meafure of Gravity in
Lapland, as being not o liable to Error as the mea-

furing
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furing a Degree 5 the Earth may be not quite fo flat as
Sir Ifaac’s Spheroid requires. By the Table of the
Length of the Pendulum, exhibited in the Treatife
iconcerning the Figure of the Earth, publifh’d this Year
by Mr. de Maupertuis, and by Art. XXII of the pre-
fent Difcour(e, the Earth may be more clevated at the
Equator than at the Pole by the 435 Part, or there-
abouts. After the true Quantity of the Earth’s flat-
nefs fhall be fully fettled, if it thould be found to have
this Figure, I fhould be apt to think it is alittle more
denfe at the Centre than towards the Superficies.
But if on the contrary we fhould be well afcertain’d,
that the Earth is raifed higher at the Equator than at
the Pole, by above the 45 Part; and if, for any fuf-
ficient Reafon, we may tomething fborten the Length
of the Pendulum that beats Seconds in the North ;
there would be fome grounds to allow, that the Earth
is not {o denfe at the central Regions as at thofe near
the Surface. But if it fhall happen, that we can nci-
ther diminifh the Length of the Pendulum, nor the
Excefs of the equatorial Diameter above the Axc; 1
mulft then give up my Hypothefis.  Yet I fhall think it
may be of tome Ufe to have thus difcufs’d it, becaufe
poflibly no one would have imagined what might
have been the Refult of it. It appears that even Sir
Ifaac Newton was of Opinion, that it was neceflary
the Earth fthould be more denfe towards the Centre,
in order to be fo much the flatter at the Poles: And
that it follow’d from this greater Flatnefs, that Gravity
increafed fo much the:more from the Equator towards
the Pole.

1I. New
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